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MATHEMATICS 
ON A PROBLEM CONCERNING 
CONSERVATIVE TRANSFORMATIONS 
BY 
K. A. POST 
(Communicated by Prof. N. G. DE BRUIJN at the meeting of 30 October 1965) 
At the symposium on ergodic theory, Oberwolfach, July 1965, the 
following problem was proposed by Helmberg: (for the pertinent defi-
nitions see [1 ]). 
Problem. Does there exist a sigmafinite measure space (X, ffi, p) 
and a measurable, conservative transformation T in X such that 
i) for all E E ffi we have p(E)<p(T-lE); 
ii) there exists a set E Effi for which O<p(E)<p(T-lE)<oo. 
The intention of this paper is to exhibit an example of such a situation. 
The problem arose on a closer examination of a well-known theorem 
ofHALMOS-ORNSTEIN (see [1], p. 89) which may be formulated as follows: 
Theorem. If Tis a measurable, conservative and invertible transfor-
mation in the sigmafinite measure space (X, ffi, p) then the following 
assertions are equivalent 
a) p(E)<p(T-1E) for all EEffi; 
b) p(E)>p(T-lE) for all E E ffi; 
c) p(E)=p(T-lE) for all EEffi. 
Recently HELMBERG [2] studied the case of non-invertible transfor-
mations and proved that b) and c) are still equivalent if the requirement 
of invertibility is left out in the hypothesis of this theorem. The impli-
cation a) =>c), however, turned out to be false in general. As an illustration 
of this fact he gave an example of a measurable, conservative transfor-
mation Tin a suitable sigmafinite measure space with the property that 
for all measurable sets E such that p(E) > 0 we have p(T-lE) = oo. As a 
trivial consequence we observe that condition c) does not hold but a) 
does. 
The question arose whether this situation (p(T-lE) = oo if p(E) > 0) was 
the only one in which the implication a) =>c) was violated. The following 
example shows that the answer to this question is negative: 
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Example. Let X be the real interval [0, l[ and let at be the class 
of all Borel subsets of X. If A is Lebesgue measure on [0, l[ then an 
equivalent measure f-l on (X, at) may be defined by 
l 
f-l(E) = f - dA(x) 
Ex 
for all E Em, 
and (X, at, f-l) is a sigmafinite measure space. 
Let T be the transformation in X defined by Tx 2x (mod 1), i.e. 
Tx=2x if X E [0, H 
Tx=2x-l if x E [!, l[ 
It is a well-known fact that Tis Borel measurable and measure preserving 
with respect to A, hence also conservative with respect to A and f-l· We 
shall prove that 
i) for all E Em we have f-l(E) <f-l(T-1E); 
ii) for all E Em such that 0<f1(E)<oo the inequality O<f-l(E)< 
<f-l(T-1E)<2f-l(E) is valid. 
Proof of i). The inverse image T-1E of any set E consists of two 
parts, viz. the set T-1E n [0, H = !E = {!xlx E E} and the set T-1E n 
n [!, l[=!E+!={!x+!lx EE}, so that 
l l 
f-l(T-1 E) = f - dA(x) + f - dA(x) = 
!EX !EH X 
l l 
= f -2 2dA(x) + f -2 2dA(x) = !E X tEH X 
l l 
= f- dA(x) + f - 1 dA(x) = EX Ex+ 
l 
= p(E) + f - 1 dA(x) > f-i(E). Ex+ 
Proof of ii). If O<f-l(E)<oo then the latter integral satisfies the 
inequality 
l l 
0 < f - 1 dA(x) < f - dA(x) = f-l(E) Ex+ Ex 
whence f-l(T-1 E)< 2f1(E). 
Remark. In fact one may prove the inequality: 
2e~'<E> 
If 0 < f-l(E) < oo then f-l(E) < p(T-1E) <log--E . l +e~'< > 
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This inequality is best possible in the following sense: For every a and b 
such that 
2ea 
0 < a < b < log -1 -+ea 
there exists a Borel set E satisfying fl(E) =a, fl(T-1E) =b. 
In particular it follows that 
fl(T-lE) 
sup fl(E) =! and sup (fl(T-lE)-fl(E)) =log 2 
where the supremum is taken over all Borel sets E with finite positive 
measure. 
The author is indebted to Prof. Helmberg for his advice in preparing 
the manuscript. 
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